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Rheological effects may complicate the dispensing of complex fluids, when compared to their Newtonian counterparts. In
this work, fluids with tailored rheological properties have been studied using high-speed video-microscopy. The level of
viscosity, the degree of shear thinning, and the elasticity have been varied independently. At low-flow rates, droplets are
formed that pinch off. The drop volumes, breakup mechanisms, and times have been identified. At higher-flow rates, a
continuous jet is observed, with the transition depending on the rheology of the dispensed fluid. The relevant
nondimensional groups are the Ohnesorge, Deborah, and elasto-capillary number, for when viscosity, inertia, or elastic
forces dominate flow. In each of these cases, the transition between dripping and jetting dispensing occurs, controlled by a
critical Weber, capillary, and Weissenberg number, respectively. This set of six nondimensional groups can be used to
construct an operating space and map out areas of potential problems. VVC 2011 American Institute of Chemical Engineers
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Introduction

Accurate dispensing of complex fluids is relevant in a
number of industrial applications, for example, when dosing
consumer products and pharmaceutical dispersions, or in
printing applications. Although dispensing a desired volume
(or mass) of a Newtonian liquid through an orifice is gener-
ally not problematic,1 non-Newtonian or viscoelastic behav-
ior may lead to unexpected results.2–5 The traditional way to
circumvent this is to calibrate a fluids handler for each indi-
vidual fluid at all required flow rates and desired dispensing
volumes.6 Although this is a widely used method, it is time
consuming and small changes in operating conditions may
lead to large differences due to the inherent nonlinear fluid
response.

The flow out of a nozzle determines dispensing and can
be classified into a dripping and a jetting regime.7 In the
dripping case, a single droplet will form at the nozzle and
detach under the gravitational pull once a critical volume is
reached. The jetting regime is characterized by the persist-
ence of a continuous jet for a certain length after the nozzle.
The subsequent thinning and breaking of the liquid filament
occurs on timescales larger than those of the fluid move-
ment. For dispensing with a controlled volumetric flow, the
free surface flow problem of the fluid exiting the orifice
mainly determines these aspects. It is of particular interest
how viscoelastic effects may slow down the filament break-
ing or affect the droplet size at pinch off. The breaking

behavior will determine the minimum dispensable fluid vol-
umes and the achievable dispensing frequencies.

However, the effects of viscoelastic and non-Newtonian

fluid properties on dispensing are not yet fully understood.

As stated by Li and Deng7 in a recent review, ‘‘the lack of

mechanism research [is] the main reason why nearly all

existing models are at best empirical formula.’’ They further-

more specify that the ‘‘… basic research for… fluid dispens-

ing [that] is really lacking is [on]… the non-Newtonian

properties of dispensing fluid materials and their influences

on the dispensing process,… including shear thinning and

extensional thickening [and the] influence on flow rate, fluid

material breakup… and the whole dispensing process.’’
The aim of this work is to map out the regimes where

material property related problems with dispensing may

occur. Specifically, we will present an operating space in

terms of nondimensional groups. Within the operating space,

we try to identify areas where dispensing could be problem-

atic. To evaluate this experimentally, we have selected a

number of model systems which represent the different

classes of rheological behavior. The dispensing of these

fluids has been monitored using high speed imaging. The

article is structured as follows. The sections ‘‘Materials’’

and ‘‘Experimental Methods’’ introduce the different fluid

classes, and how to experimentally determine their relevant

material functions and parameters. The section ‘‘Dimensional

Analysis’’ focuses on critical nondimensional parameters to

classify the fluids and flow fields and introduces a ‘map of

misery’ for the dispensing operations. The section ‘‘Dispens-

ing of Different Fluid Classes’’ will then explore in detail

the dispensing behavior of each fluid class with respect to

the nondimensional parameters.

Additional Supporting Information may be found in the online version of this
article.

Correspondence concerning this article should be addressed to C. Clasen at
christian.clasen@cit.kuleuven.be.
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Materials

Newtonian liquids

Four Newtonian liquids with viscosities covering four
orders of magnitude have been used.
• PDMS 5: a low-viscosity polydimethylsiloxane (PDMS;

Rhodorsil Oil 47V5, Bluestar Silicones, Lyon, France);
• PDMS 100: a medium-viscosity PDMS (Brookfield Vis-

cosity Standard 98 mPas, Brookfield Engineering Laborato-
ries, Middleboro, MA);
• PDMS 5000: a high-viscosity PDMS (Rhodorsil Oil

47V5000, Bluestar Silicones, Lyon, France);
• PIB: a very high-viscosity polyisobutylene (PIB) (Para-

pol 1300, Exxon Chemical, Houston, TX).

Shear thinning, inelastic power law liquid

As a model inelastic and shear thinning fluid, a suspension
of rod-like virus particles was used. The semiflexible fd virus
particles were grafted with a steric stabilizer, mPEG.8 The
particles were dispersed at a concentration of 7.78 wt % in a
mixture of Tris buffer (5.22 wt %, pH 8.2, Trisma Base
99.9%, Sigma-Aldrich, Bornem, Belgium) and glycerol (87
wt %, BioUltra, Sigma-Aldrich, Bornem, Belgium).

Viscoelastic liquids

Three different viscoelastic solutions were prepared:
• PS in DEP: a medium-viscosity 2 wt % solution of

polystyrene (PS) (Mw ¼ 3.84 � 106 g/mol, Polymer Labora-
tories, Amherst MA) in diethyl phthalate (DEP) (Merck,
Darmstadt, Germany);
• PIB in Pristane: a high-viscosity 11 wt % solution of a

PIB (Mw ¼ 1.2 � 106 g/mol, Sigma-Aldrich, Bornem, Bel-
gium) in pristane (Sigma-Aldrich, Bornem, Belgium). This
fluid is similar to the NIST Standard Reference Material
(SRM 2490) that shows a characteristic viscoelastic behavior
similar to that of polymeric melts with the advantage of
being liquid at room temperature; 9

• PIB in PIB (Boger Fluid): a solution of 0.2 wt % PIB (Mw

¼ 4.0 � 106 g/mol, Oppanol B200, BASF, Ludwigshafen, Ger-
many) in a low-molecular weight PIB (Infineum S1054, Exxon
Chemical, Houston, TX). This solution has the characteristics
of a so-called ‘‘Boger fluid’’ with a nearly shear rate independ-
ent shear viscosity determined by the low-molecular weight
PIB, but a high extensional viscosity and a long relaxation
time caused by the high-molecular weight PIB fraction.

Experimental Methods

Volumetric controlled dispensing experiments were carried
out with a PHD 4400 Hpsi syringe pump (Harvard Appara-
tus, Holliston, MA) and needle tips with inner/outer diame-
ters of 0.84/1.27 and 1.54/1.83 mm (Nordson EFD, West-
lake, OH), respectively. The dispensing was monitored with
a high speed camera (FAST CAM SA2, Photron, San Diego,
CA) and two different lenses: a telecentric objective with
55-mm focal length and adjustable magnification (TEC-M55
Computar, CBC, Tokyo, Japan), and a 50-mm f/1.2 objective
(Nikkor, Nikon, Tokyo, Japan). Back light illumination was
achieved with a fiber optic illuminator Fiber-Lite DC-950
(Dolan-Jenner Industries, Boxborough, MA).

The rheological properties of the fluids were measured
with an ARES-G2 strain-controlled rotational rheometer
(TA Instruments, Newcastle DE). The measurements were
performed using a Couette geometry (cup diameter (mm)/
bob diameter (mm): 34/32) and a cone and plate geometry

(diameter 25 mm and angle 0.02 rad). The inelastic shear
thinning system was characterized with a Physica
MCR501 stress controlled rotational rheometer (Anton
Paar GmbH, Graz, Austria) with a cone and plate geome-
try (diameter 25 mm and angle 28). Flow curves are given
in Figure 1. The viscosities g cover more than four orders
of magnitude, and the behavior varies from Newtonian
(PIB, PDMS 5, PDMS100, PDMS 5000) to strongly shear
thinning (fd-suspension, PIB in pristane). The shear thin-
ning can be characterized by a power law dependence on
the second invariant of the rate of deformation tensor,
II2D, via a power law

g ¼ KjII2Djðn�1Þ=2
(1)

where n is the power law exponent and K is the consistency
index. For shear flow, the magnitude of the second invariant of
the rate of deformation tensor equals _c2, with _c the shear rate.
Apart from the non-Newtonian response, the viscoelastic
nature is also of importance. To this end, the relaxation times k
were measured using a capillary breakup extensional rheo-
meter (CaBER I, Thermo Fisher Scientific, Karlsruhe,
Germany). This device applies a sudden stretch to a liquid
drop via two round plates between which the drop is confined.
The subsequent thinning of the liquid bridge under the action
of surface tension was monitored with a laser micrometer. An
exponential decay of the mid-filament radius was fitted with
Eq. 25 to obtain the dominant relaxation time k.10

The surface tension c of the fluids was measured using a
CAM 200 pendant drop apparatus (KSV Instruments Hel-
sinki, Finland) and the fluid densities were obtained using a
10 cm3 pycnometer (Brand Duran, Blaubrand, Germany).
Material properties of all fluids are listed in Table 1.

Dimensional Analysis

Characteristic velocities

When a jet leaves a nozzle, there are several effects that
contribute to the breakup. Surface tension will try to thin
down the jet and cause droplets to pinch off. To this end,
the velocity associated with capillary thinning must be fast
enough compared to the velocity of the jet. The relevant
thinning or the ‘‘capillary velocity’’ is given by the rate with
which the radius of the jet, R, is decreasing as a function of
time:

Figure 1. Flow curves.

Viscosity g as a function of the shear rate _c for the dif-

ferent model fluids.
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U ¼ � dR

dt
(2)

The driving force of the filament thinning during dispens-
ing originates from the capillary pressure and depends on,
therefore, on the surface tension c and the curvature (1/R) of
the filament. Thus the capillary thinning is driven by c, how-
ever, balanced by viscosity, fluid inertia, or elasticity
depending on the fluid characteristics.

Viscosity Controlled Thinning. For a Newtonian liquid of
sufficiently high viscosity, the capillary pressure c/R is bal-
anced by the viscous stress r ¼ 3g _e, with the extension rate
_e ¼ �ð2=RÞðdR=dtÞ. Assuming a cylindrical shape, this bal-
ance leads to a characteristic velocity U ¼c/(6g). A more
detailed solution accounts for the nonuniform cylindrical
shape. It has been shown that in the latter case the filament
shape develops in a self-similar way, and one obtains a dif-
ferent numerical prefactor11

Ug ¼ 0:0709
c
g

(3)

This viscosity controlled thinning velocity is constant and
independent of the filament radius.

Inertia Controlled Thinning. For low-viscosity liquids,
the dominant resistance against surface tension stems from
the inertia of accelerating fluid elements.12 In this case the
characteristic capillary velocity depends on the density q as
a material parameter and a characteristic velocity can be
found from balancing the inertial and capillary stresses.
Again, a quantitative description requires a solution of the
filament shape which results in a numerical front factor12–15

Uq ¼ 0:3413

ffiffiffiffiffiffi
c
qR

r
(4)

The inertia controlled capillary velocity does depend on
the filament radius R.

Elasticity Controlled Thinning. For viscoelastic fluids
also elastic effects may oppose surface tension. For free sur-
face flows of such an elasticity controlled viscoelastic fluid
filament, the extension rate _e is constant and directly related
to the inverse longest relaxation time k of the liquid. The
characteristic thinning velocity is given by balancing the
elastic and capillary stresses

Uk ¼
1

3

R

k
(5)

where the numerical prefactor was determined by Entov and
Hinch.16 In this case, the characteristic velocity Uk decreases

linearly with the radius. It can be noted that for an elasticity
controlled thinning Uk is independent of the surface tension.

Comparing the characteristic velocities.

The filament thinning is determined by the balance of
surface tension with the dominant resisting force. The latter
depends on the relative magnitudes of the relevant fluid
properties (g,q,k). The lowest characteristic velocity of Eqs.
3–5 will determine the pathway from the initial diameter to
the broken filament. Figure 2a provides the characteristic
velocities for a low-viscosity viscoelastic fluid (g ¼ 0.033
Pas, k ¼ 0.0033 s). In this case, as a function of time and
changing filament radius, the thinning dynamics are succes-
sively controlled by inertia, viscosity, and elasticity. Figure
2 shows that the thinning mechanism can be expected to
change as the filament radius decreases, depending on
which material property provides the highest resistance
against the squeezing of the surface tension, as indicated by
the broken line in Figure 2a.

The evolution of the radius R with time can be obtained
by integrating U(t) and is given in Figure 2b for the low-vis-
cosity viscoelastic fluid of Figure 2a. The time-dependent fil-
ament radius is indicated by the dashed line. Of course, it is
too demanding a task to calculate these paths for each dis-
pensing case. To determine which thinning mechanism is
dominating at a certain filament diameter, nondimensional
numbers provide a more practical approach. The nondimen-
sional groups for free surface flows have been derived from
the fundamental governing equations in the seminal work of

Figure 2. Example of complex thinning pathway.

(a) Theoretical filament thinning velocities U ¼ �dR/dt
as a function of the filament radius R following Eqs. 3–

5; (b) theoretical filament radius R(t), following Eq. 17,

18, and 25. The dashed line in (a) indicates the lowest

velocity for a given radius and, therefore, the actual

radius evolution (dashed line in (b)) that the filament

experiences during the thinning process.

Table 1. Model Fluid Parameters

Fluid Units
q

(kg/m3)
c

(mN/m) g0 (Pa s)
K

(Pa s2�n) n k (s)

PDMS 5 911.2 18.6 0.0046 � – –
PDMS 100 966.0 20.2 0.106 – – –
PDMS 5000 974.4 20.5 5.81 – – –
PIB 901.3 30.9 123 – – –
PIB in pristane 793.7 24.9 88.0 200 0.28 0.057
PIB in PIB 891.2 31.5 58.4 – – 26.4
PS in DEP 1118 37.5 1.03 4.75 0.51 0.023
fd suspension 1227 55.2 – 5.00 0.41 –
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Middleman.17–20 These groups compare the characteristic
velocities and identify three critical values. For reference,
they will be reviewed here briefly.

The Ohnesorge Number Oh. The Ohnesorge number is
typically defined for a slender filament and balances the vis-
cous and inertial effects

Oh ¼ gffiffiffiffiffiffiffiffi
qcR

p (6)

For the case of nonuniform filament thinning and drop
pinchoff, the numerical front factors of Eqs. 3 and 4 account
for the finite curvature effects in axial direction. The critical
Ohnesorge number at which the transition between viscosity
and inertia dominated regimes takes place is indicated in
Figure 2a. Its numerical value can be obtained by

Uq

Ug
¼ Oh

0:2077
(7)

For Oh [ 0.2077 viscous effects will dominate the thinning
and for Oh\ 0.2077 the thinning will be controlled by inertia.

The Elasto-Capillary Number Ec. A similar comparison
for the balance between the viscous and the elastic effects
for an infinitely long fluid cylinder defines the elasto-
capillary number as

Ec ¼ kc
gR

(8)

Accounting for deviations from a slender body using Eqs
3 and 5, we obtain an expression for a critical elasto-capil-
lary number as

Ug

Uk
¼ Ec

4:7015
(9)

Hence, viscosity controlled filament thinning dynamics are
expected for Ec \ 4.7015 and elastic effects for Ec [
4.7015. This critical Ec number is shown in Figure 2a.

The Intrinsic Deborah Number De0. Balancing the elastic
and inertial forces defines the so-called ‘‘intrinsic’’ Deborah
number

De0 ¼

ffiffiffiffiffiffiffiffi
k2c
qR3

s
(10)

This Deborah number (with the suffix 0) is denominated
intrinsic or ‘‘natural,’’ as it compares thinning velocities that
are based solely on material properties and do not take the
detailed geometry of the filament into account.20 Accounting

for axial curvature with Eqs. 4 and 5, the transition criterion
becomes

Uq

Uk
¼ De0

0:9766
(11)

One additional group that governs the dynamics for large
nozzle radii is the gravitational Bond number qgR2/c. However,
this group does not vary if the nozzle radius is held fixed.

It should be noted that only two out of the three dimen-
sionless groups Oh, De, and Ec are independent and that De/
Ec ¼ Oh. Furthermore, when using these nondimensional
numbers, it should be noted that they can be determined in
two different ways. If the characteristic length scale that
enters the number is taken to be the initial filament diameter
R0, one obtains overall or ‘‘global’’ nondimensional num-
bers. This is often done to make an initial estimation of the
overall thinning dynamics.20 Conversely, one can calculate a
‘‘local’’ number to determine at what radius a transition
from one thinning regime to the other is to be expected, as
was done in Figure 2a. In this case, the radius that enters the
nondimensional number is R(t). Often, the equation is
inverted to calculate the radius R(t) at which the critical non-
dimensional number is reached. For the fluids studied in this
work, the global nondimensional numbers are given in Table 2.
It can be seen that the range of nondimensional groups
should enable us to explore a range of breakup pathways.

The ‘‘map of misery’’: the operating space for
dispensing

The nondimensional groups Oh, De0, and Ec compare the
magnitudes of the thinning velocities for a given filament ra-
dius. Oh, De0, and Ec depend only on material parameters
and the filament radius which is determined by the radius of
the nozzle of the dispenser. The parameter space that they
are spanning (Figure 3) fully defines, for a given initial ra-
dius R0, which material property dominates the thinning
behavior at the beginning of the breaking process. For exam-
ple, for the PIB in pristane solution Table 2 teaches us that

Table 2. Material-Property-Based Nondimensional Numbers
for Dispensing Using Ri, the Inner Nozzle Diameter

Fluid Ri mm Oh De0 Ec

PDMS 5 0.42 0.05 – –
PDMS 100 0.42 1.18 – –
PDMS 5000 0.42 63.3 – –
PIB 0.77 839 – –
PIB in pristane 0.77 704 15.1 0.02
PIB in PIB 0.77 397 7345 18.5
PS in DEP 1.18 4.63 3.30 0.705
fd virus 0.42

Uq
Upowerlaw

¼ 7.95* – –

*Value refers to the equivalent Ohnesorge formulation of Eq. 23

Figure 3. Operating space for dispensing.

Material-property-based nondimensional Ohnesorge

number Oh, elasto-capillary number Ec and intrinsic

Deborah number De0. The respective dynamic nondi-

mensional Weber number We, capillary number Ca, and
Weissenberg number Wi indicate the transition between

a dripping and a jetting dispensing for the respective

dominating material property (inertia, viscosity, or elas-

ticity) as described by Oh, Ec and De0. [Color figure can

be viewed in the online issue, which is available at

wileyonlinelibrary.com.]
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not only Oh ¼ 704 � 0.2, indicating that viscosity is more
important than inertia, but also De0 ¼ 15.1 [ 1, so that also
elasticity will dominate over inertia. Ec can be used to
assess if viscosity or elasticity is providing more resistance,
and with Ec ¼ 0.02 � 4.7 it is obvious that a filament thin-
ning will initially be controlled by viscosity as the dominat-
ing material parameter.

The material parameters and the associated nondimen-
sional numbers, thus, allow one to identify the initial thin-
ning mechanism. Once this is established, the relevant thin-
ning velocity has to be compared to the velocity of the jet
Ujet to identify if one will be in the dripping or in the jetting
regime. To compare the time needed for the jet to breakup
vs the characteristic time associated with the convective jet-
ting velocity (which is taken as the time for the jet to travel
a distance equal to R0), another set of dynamic nondimen-
sional groups can be defined. Only if the travel time of a
fluid element over a distance R0 is shorter than the breaking
time, the breaking point will be convected away and a jet is
formed. When viscous thinning is the dominant mechanism
the relevant dynamic nondimensional number that compares
Ug with Ujet is the capillary number, defined as

Ca ¼ g0Ujet

c
(12)

When inertial dynamics dominate the thinning the Weber
number compares Uq with Ujet and is defined as

We ¼
qU2

jetR

c
(13)

Finally, for elastic fluids the relevant dynamic nondimen-
sional group (comparing Uk with Ujet) is given by the Weis-
senberg number

Wi ¼ kUjet

R
(14)

For each of these dynamic nondimensional groups, a criti-
cal Ca, We, or Wi can be identified which defines the transi-
tion from a dripping to a jetting state. The case of the capil-
lary number is the most simple one. As Ug is constant, Ca is
independent of the initial radius R0. The critical Weber num-
ber depends on the filament radius. The radius also enters
the Weissenberg number, however, in this case the elastic
velocity Uk (Eq. 5) is going to 0 for decreasing filament
diameters and an ideal elastic filament would never break. In
reality, finite extensibility of the elastic components will
lead to a breaking of the filament. An additional parameter
will then be required (not pursued here) to describe the tran-
sition from dripping to jetting.

Figure 3 represents a diagram of the operating space for
steady-state dispensing, in terms of the material-property-
based nondimensional groups Oh, De0, and Ec. The dynamic
numbers Ca, We, and Wi define paths within this operating
space. The knowledge of Oh, De0, and Ec allows one to
determine the controlling material property and sets the
appropriate dynamic number to calculate the dripping/jetting
transition. It should be noted that the six nondimensional
groups are interrelated. As it is also shown in Figure 3, the
Ohnesorge number can be calculated from Oh ¼ Ca=

ffiffiffiffiffiffiffi
We

p
,

and similarly Ec ¼ Wi/Ca and De0 ¼ Wi=
ffiffiffiffiffiffiffi
We

p
. With this it

is obvious that a dispensing operation is fully described by
any set of two material-property-based and one dynamic
nondimensional groups. The remaining three groups can then
be calculated (for example for known Oh, De, and We one
obtains Ca ¼ Oh

ffiffiffiffiffiffiffi
We

p
, Wi ¼ De

ffiffiffiffiffiffiffi
We

p
, and Ec ¼ De/Oh).

One problem that can arise when using global nondimen-
sional numbers is the assumption that the initially dominat-
ing material property will continue to determine the thinning
mechanism until the filament is finally broken. However, we
will often encounter a situation where the initial radius leads
to a global nondimensional number close to a critical transi-
tion. The time-dependent filament radius R(t) may then lead
to a critical local nondimensional number and a transition to
thinning dynamics different from the global number, as was,
for example, shown in Figure 2. Viscoelastic fluids in partic-
ular can reach very large breakup times in the elastically
controlled thinning. For example, the calculation of the
global numbers might indicate that Ec \ 4.7015, even
though the overall breaking behavior will be dominated by
the elastic thinning. Close to the critical values of Ec or
De0, plotting the velocity vs. radius curves as done in Figure
2a is then more useful and allows one to identify which ma-
terial parameters need to be tuned to achieve a desired dis-
pensing behavior.

Dispensing of Different Fluid Classes

The dispensing accuracy of a liquid is related to the flow
rate and the precision of the time interval required to achieve
steady-state flow, or to stop the flow.21 A discussion of the
mechanical elements of the flow control is beyond the scope
of this article. In this work, we will focus on the problems
in volumetric flow controlled dispensing that may arise from
the intrinsic nature of the fluid.

Inertia controlled regime

Drop Dimensions. When the flow rate is low enough, the
liquid will be in the dripping regime. A droplet will form
under the action of the surface tension, fed by the fluid
influx until the mass is large enough for gravitational forces
to overcome the capillary forces, as shown in Figure 4a. An
individual droplet will form, and the volume Vdrip of the
droplet determines the precision of dispensing at low-flow
rates. It can be described by the Harkins-Brown relation22,23

Vdrip ¼ fHB

2pcR
qg

(15)

where c is the surface tension, q is the density of the liquid,
and R is the radius of the orifice. Note that for the case of a
nonwetting material the inner radius Ri of the nozzle orifice
should be used and for a wetting material the outer radius Re.

24

The coefficient fHB accounts for the nonsphericity due to
gravity and is a function of the ratio c/qg and the radius R. A
recent calculation by Yildirim et al.25 has shown that fHB ^
0.6248 R�0.1352(c/qg)0.0676 which is valid over a wide range of
0 \ R/Vdrip

1/3 \ 1.0. For low-viscosity fluids the Harkins–
Brown relation Eq. 15 is independent of the feeding flow rate
for low flow rates (We\ 10�5).25

One thing to note is that the dispensing of a low-viscosity
solution in the inertia controlled regime always involves the
formation of a much smaller satellite droplet26 as can be
seen in the last four frames of Figure 4a. As the trajectories
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of these satellite droplets do not necessarily follow that of
the large leading drop, the satellite can lead to spilling and
‘‘misting’’ or a general unclean dispensing and inaccurate
amounts of the dispensed fluid for Oh\ 1.

Dripping/Jetting Transition. At high-flow rates, the liquid
is jetting out of the dispensing nozzle, and the breakup event
is convected away from the orifice. A dispensing in jetting
mode allows a higher precision compared with the dripping
mode as it is not discrete. The jet can be disrupted at any
given moment at the orifice by stopping the flow, allowing a
continuous adjustment of the dispensed volume now only
depending on the mechanical precision of the flow control.
The transition between dripping and jetting in an inertia con-
trolled thinning is determined by a range of Weber numbers.
A first transition, from regular dripping to chaotic dripping,
is taking place at Weber numbers on the order of We ¼
O(0.1).27 When further increasing the flow rate, a second
transition at We ¼ O(1) is observed where a sudden shift of
the breaking point away from the orifice occurs. For small
nozzle diameter, the critical Weber number at the second
transition approaches a constant value of Wec � 2 [27]. The
dispensing of the PDMS 5 fluid in Figure 4a (of which a

movie can be seen in the Supporting Information ‘PDMS 5 -
We ¼ 0.0005.avi’) is with We ¼ 0.0005 still in the regular
dripping regime. At We ¼ 2.53 the dispensing of PDMS 5 is
in the jetting regime as it can be seen in the movie in the
Supporting Information ‘PDMS 5 - We ¼ 2.53.avi’.

Filament Lifetime. The time that it takes for an inertia
controlled filament to break, is given by

tc ¼
Z 0

R

dR

Uq
¼ 1:9531

ffiffiffiffiffiffiffiffi
qR3

0

c

s
(16)

with the radius of the filament evolving with time t
following12,15,28

R ¼ 0:64
c
q

� �1
3

ðtc � tÞ
2
3 (17)

For the dripping case, the radius of the liquid bridge hold-
ing the pendant droplet when the thinning sets in is slightly
smaller than R0. However, the time that it takes for the fila-
ment to break once another critical volume Vdrip is dispensed
can readily be estimated with R0. For example, calculating
the breaking time with Eq. 16 for the inertia controlled
model fluid PDMS 5 dispensed in Figure 4a gives tc ¼ 3.7
ms. This value is in good agreement with the experimentally
observed 4.2 ms to breakup (third frame of Figure 4a).

Viscous regime

Filament Lifetime. The filament lifetime increases with
viscosity. Above the critical Ohnesorge number of Eq. 7 the
filament thins and breaks in the middle between the droplets
controlled by viscosity.29 An example is shown in the fourth
frame of Figures 4b,c. In this case, a constant thinning ve-
locity (Eq. 3) is observed. The radius of this viscous filament
decays linear in time as

R ¼ R0 � 0:0709
c
g
t (18)

This is shown in Figure 2 where R in the viscosity dominated
regime is indicated as Rg. The numerical front factor originates
from the self-similarity in the shape of the filament as
determined by Papageorgiou11,30 and Pozrikidis.31 The time to
breakup of the filament tc is then

tc ¼ 14:1gR0=c (19)

For example, for the PDMS 100 fluid dispensed in Figure
4b with a viscosity of g ¼ 0.1 Pas we predict a breaking
time on the order of tc ¼ 31 ms which is in good agreement
with the experimentally observed breaking time 29 ms in
Figure 4b.

At higher viscosities, an additional phenomenon is further
complicating the dispensing of a Newtonian liquid. The large
mass of fluid (accumulated due to the slow breaking dynam-
ics) will exert a gravitational pull on the filament connected
to the nozzle. For a dripping dispensing this causes an addi-
tional stretching that can accelerate the thinning, and this is
observed for example, for the high-viscosity PIB fluid (Oh ¼
839) in Figure 5, where the breaking event is clearly faster
than the calculated breaking time of tc ¼ 43 s via Eq. 19.
However, for a jetting dispensing this ‘‘gravitational stretch-
ing’’ of the viscous filament hinders the development of the
necking instability and delays the breaking time. This effect

Figure 4. Dispensing of Newtonian fluids of different
viscosity.

(a) PDMS 5, (b) PDMS 100, and (c) PDMS 5000 from a

nozzle with inner radius Ri ¼ 0.42 mm (the time to the

breaking event is given below each frame). The relevant

nondimensional numbers calculate to (a) Oh ¼ 0.05, (b)

Oh ¼ 1.18 and (c) Oh ¼ 63.3, corresponding to (a) an

inertia and for (b) and (c) a viscosity-controlled dispens-

ing. The dispensing is for (a) with a Weber number of

We ¼ 0.0005 and for (b) and (c) with capillary numbers

of Ca ¼ 0.02 and Ca ¼ 0.14 in all three cases in the

dripping regime.
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is still under investigation.32,33 It can be noted that dispens-
ing of such highly viscous liquids through a nozzle is seldom
performed due to the very long dispensing times and energy
requirements.

A note on the side: Eggers28,34,35 determined an asymmet-
ric similarity solution for the thinning filament that gives a
smaller front factor of 0.0304 compared to that of 0.0709 in
Eqs. 18 and 3

R ¼ R0 � 0:0304
c
l
t: (20)

This similarity solution applies when velocities in the fila-
ment become so large that inertia can no longer be
neglected. However, Eq. 20 does not contain the density and
the main role of inertia is in the development of an asym-
metric shape of the thinning filament. This causes a vertical
shift of the necking point along the filament towards the
drop when approaching the breaking point. The transition
from a viscosity controlled thinning to this Eggers scaling
regime is in theory reported to take place at a radius of R ¼
R0Oh

2/(2b�1) � 1 (with the global Oh ¼ g=
ffiffiffiffiffiffiffiffiffiffi
qcR0

p
and b ¼

0.17487).4,32,36 However, there is a large discrepancy to ex-
perimental data that is at present not yet understood and the
observed transition takes place at radii an order of magnitude
smaller than the theoretical value.32,37,38 Eventually, also
low-viscosity fluids that initially follow Eq. 17 will switch
over to the Eggers solution, a qualitative transition criterion
for this case is discussed to be a local Ohnesorge number of
Oh2 � 1.4,13,39,40 In all the cases, the transition to the Eggers
thinning takes place at very small filament radii so that the
effect on a dispensing operation is negligible.

Dripping/Jetting Transition. For Oh [ 0.2, the relevant
dynamic number is the capillary number Ca. The dispensing

of the PDMS 5000 fluid in Figure 4c (of which a movie can

be seen in the Supporting Information ‘PDMS 5000 - Ca ¼
0.14.avi’) is with Ca ¼ 0.14 still in the dripping regime. At

Ca ¼ 8.5 the dispensing is in the jetting regime (as it can be

seen in the movie in the Supporting Information, ‘PDMS
5000 - Ca ¼ 8.5.avi’). A detailed investigation of the drip-

ping/jetting transition has shown that the critical capillary

number for all needle diameters used in this study is reached

at Ca � 6.5. It should be noted that for high-viscosity fluids
the exact value for a transition is more difficult to observe

due to the gravitational stretching. Furthermore, the longer

times necessary for the onset of thinning and the final break-
ing times lead to long breaking distances already at the transi-

tion.
Approaching the critical Ohnesorge number suppresses the

chaotic dripping regime observed for low-viscosity systems.
Above a Ohnesorge number of Oh ¼ 0.8 a smooth transition
from regular dripping to jetting is observed.41

Drop Dimensions. For viscous fluids with Oh [ 0.2, the
volume of the drop is described by the Harkins–Brown rela-
tion, Eq. 15, for low enough flow rates.25 However, as can
be seen in Figure 5 for the high-viscosity PIB (Oh ¼ 839),
the drop will not necessarily take on a spherical shape.
Moreover, increasing the Ohnesorge number above the criti-
cal value of Oh ¼ 0.2 reduces satellite droplet sizes 42,43 up
to the point where they are suppressed.44,45 The inertia con-
trolled pinching of the filament close to the end drops is no
longer observed. Instead, the viscosity controlled breaking of
the filament in the middle between the droplets and the sur-
face tension driven retraction of the stumps into the drops

Figure 5. Drop dimensions in a viscous Newtonian fluid.

Dispensing of a high-viscosity Newtonian PIB fluid from a nozzle with inner radius Ri ¼ 0.77 mm (the time to the breaking event

is given in seconds) with Oh ¼ 839. The dispensing is with a dynamic nondimensional capillary number of Ca ¼ 5.9 close to the

jetting transition, but still in the dripping regime.
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prevents the formation of satellite drops (see e.g., PDMS
5000 (Oh ¼ 63.3) in Figure 4c and the PIB fluid (Oh ¼
839) in Figure 5). The dispensing of the PDMS 100 fluid
with Oh ¼ 1.18 in Figure 4b still leads to a satellite drop
formation as this fluid is still close to the critical Ohnesorge
value. For a satellite-free dispensing, Oh needs to be � 1.

Power law fluids

Fluids that are not elastic, and for which the viscosity g is
a function of the deformation rate and decreases with
increasing rate, are called power law fluids as defined by Eq.
1. The second invariant of the rate of deformation tensor
II2D is for the extensional flow encountered in the filament
II2D ¼ �3 _e2, so that for the dispensing of a power law fluid
g ¼ 3ðn�1Þ=2K _en�1 and the fluid shows also an extension thin-
ning. When Oh is sufficiently large, the deformation thinning
will influence filament breaking dynamics. The decrease in
viscosity at the necking point between two droplets will
cause a positive feedback and lead to a continuous accelera-
tion of the necking. This leads to a faster breaking compared
to a Newtonian liquid of similar initial viscosity, as seen for
the shear thinning fd suspension in Figure 6. Although Fig-
ure 1 shows that the initial low shear rate value of the vis-
cosity is similar to the PIB fluid in Figure 5, the power law
dependence of the viscosity of the fd suspension leads to a
breakup time in Figure 6 that is two orders of magnitude
smaller than for the PIB fluid.

Filament Lifetime. The time necessary for the jet to
break up into single droplets can be calculated once the
power law parameters are known. The parameters n and K
can be extracted from the shear flow experiments in Figure 1
for which II2D ¼ _c2 and g ¼ K _cn�1. The jet radius at a neck-
ing point between two drops evolves with time t following38

R ¼ U
c
K
ðtc � tÞn (21)

where the prefactor U depends on the power law exponent n
(values for U are given in Table 3).38,20 The breakup time is
then tc ¼ (R0K/Ur)(1/n).

A consequence of the faster than Newtonian breaking is
that the critical velocity for a transition from dripping to jet-
ting shifts to higher values. The capillary velocity of a power
law fluid can be obtained by differentiating Eq. 21

Upowerlaw ¼ nU
1
n

c
K

� �1
n

R 1�1
nð Þ (22)

and the generalized nondimensional numbers can be obtained.
The inertia controlled capillary velocity from Eq. 4 divided by
Upowerlaw gives a transition criterion similar to the Ohnesorge
number definition of Eq. 7

Uq

Upowerlaw

¼ 0:3413

nU
1
n

K
1
n

q
1
2c

1
n�1

2ð ÞR 3
2
�1

nð Þ (23)

This equation reduces to Eq. 7 for Newtonian fluids with
n ¼ 1. For weakly deformation thinning fluids with 2/3 \ n
\ 1, the transition from inertia to viscosity controlled fila-
ment thinning is delayed. For a power law index of n ¼ 2/3,
the ratio of the inertial and viscous velocities becomes inde-
pendent of the radius R. In this case, the velocity Upowerlaw

� R�0.5 depends on the radius with the same power as the
inertial velocity Uq in Eq. 4 and these two velocity vs radius
curves will never cross. In this case, only the other variables
K, c, and q determine if the filament thinning behavior is
determined by viscosity or inertia. For fluids with 0 \ n \

Figure 6. Dispensing of a shear thinning fd virus suspension at Oh 5 Uq/Upowerlaw 5 7.9 (Ri 5 0.42 mm, and the
time to the breaking event is given in ms).

A movie of this sequence can be seen in the Supporting Information ‘fd virus — Ca-powerlaw ¼ 0.37.avi’.
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2/3, the acceleration of the filament thinning rate Upowerlaw is
faster than for Uq. This means that at the critical radius con-
dition in Eq. 23 (when Upowerlaw ¼ Uq) the thinning dynam-
ics switch from a viscosity controlled filament thinning back
to an inertia controlled thinning with a decreasing filament
radius following Eq. 17. The dispensing of a power law fluid
with n ¼ 0.41 (obtained from Figure 1) is shown in Figure
6. Because of the relatively high viscosity of this fluid (K ¼
5 in Eq. 23) the critical radius is of order O(10lm) and iner-
tia affects the breaking only at the final stage (frame five in
Figure 6). Numerical simulations4 have identified conditions
for the inertia controlled thinning for n\ 2/3.

Dripping/Jetting Transition. For viscosity controlled thin-
ning, the transition from dripping to jetting can be calculated
via a comparison of velocities similar to the capillary num-
ber Ca definition of Eq. 12

Capowerlaw ¼ Ujet

Upowerlaw

¼ 1

n
U�1

n
K

1
nUjet

c
1
nR 1�1

nð Þ (24)

Although there are no experiments on the dripping/jetting
transition for power law fluids reported, numerical simula-
tions indicate that the velocity for the dripping/jetting transi-
tion doubles46 compared to the Newtonian case. Exact crite-
ria for a critical value of Capowerlaw of Eq. 24 are not yet
established, but expected to be on the same order as for the
Newtonian case in section ‘‘Dripping/Jetting Transition.’’
The dispensing in Figure 6 (of which a movie can be seen in
the Supporting Information, ‘fd virus - Ca-powerlaw ¼
0.37.avi’) is with Capowerlaw ¼ 0.37 still in the dripping
regime. At Capowerlaw ¼ 25.8, the dispensing is already in
the jetting regime (see movie in the Supporting Information,
‘fd virus - Ca-powerlaw ¼ 25.8.avi’).

Drop Dimensions. The drop volume for both jetting and
dripping dispensing are similar to the Newtonian case. How-
ever, the criteria for a satellite droplet formation are different
for a power law fluid. As shown by Suryo and Basaran,4 the
critical value of Oh ¼ 0.2 is not valid for power law fluids.
Power law fluids will, even for an initial viscosity controlled
thinning, finally break following an inertia control with satel-
lite droplet formation due to the decreasing viscosity during
the filament thinning process. The example in Figure 6
shows, from frame 4 onward, the development of a satellite
drop on the filament that is, however, consumed by the
pendant droplet.

Viscoelastic fluids

Viscoelastic fluids, such as polymers in melt or in solu-
tion, are generally more difficult to dispense than Newtonian
or power law fluids. Although they are often shear thinning,
they behave differently in extensional flows. Depending on

the base viscosity of the fluid, we can generally formulate
two different classes of viscoelastic fluids for dispensing
operations:

1. The first class are liquids with high viscosity levels
and Oh � 0.2. In this case it is the elasto-capillary number
Ec that determines if the fluid is weakly elastic (for Ec �
4.7) and will behave like a viscous Newtonian fluid or a
power law fluid as discussed in sections ‘‘Viscous regime’’
and ‘‘Power law fluids,’’ or if it will be dominated by an
elastic response (for Ec � 4.7).

2. The second class is for Oh � 0.2 and, therefore, low-
viscosity or inviscid solutions. As we can see from Figure 3
it is in this case the intrinsic Deborah number De0 that
determines if the fluid is only weakly elastic (for De0 � 1)
and behaves, therefore, as a low-viscosity Newtonian liquid
as discussed in section ‘‘Inertia controlled regime’’, or if it
behaves inviscid but elastic (for De0 � 1).

Viscoelastic liquids with a high viscosity

Weakly Elastic Liquids with Oh � 0.2 and Ec �
4.7. For viscoelastic liquids with a high viscosity (Oh �
0.2), but a weak elastic response such that Ec � 4.7, the
viscosity is dominant. The dispensing is initially faster com-
pared with that of a purely Newtonian liquid of similar vis-
cosity level because of the time-dependent development of
elastic stresses.26 The reason why many semidilute and con-
centrated polymer solutions have Ec � 4.7 and exhibit a
weakly elastic behavior,47,48 is that the relaxation time of the
fluid k that enters Eq. 8 is the Rouse time for molecular
stretching rather than the longest relaxation time of reptation
of the polymer.47,49 While this relaxation time increases with
increasing polymer concentration, the ratio k/g that enters
the elasto-capillary number is decreasing due to the high vis-
cosity g of entangled polymer solutions.48 In spite of a lack
of a quantitative theory, these weakly elastic fluids with a
low ratio k/g are ‘‘uncomplicated’’ in dispensing operations
as they follow the simple Newtonian or an even faster power
law thinning. The breakup times and the dripping/jetting
transition can be calculated using the analysis of section
‘‘Viscous regime’’ and ‘‘Power law fluids.’’

One example of this class of fluids is given in Figure 7.
Although the PIB in pristane solution has a relaxation time k
of 57 ms and would be generally considered as a strongly
‘‘viscoelastic’’ solution, the calculated elasto-capillary num-
ber is Ec ¼ 0.02, which indicates that for a dispensing oper-
ation this fluid will behave only weakly elastic. Indeed, com-
paring the qualitative dispensing behavior in Figure 7 and 5,
the PIB in pristane fluid behaves as the Newtonian PIB fluid
of similar zero-shear viscosity. A theoretical breaking time
of tc ¼ 15 s calculated from Eq. 19 for a Newtonian liquid
gives a good order of magnitude estimate of the observed
dispensing time of � 7 s observed in Figure 7.

Elastic Liquids with Oh � 0.2 and Ec [ 4.7. Visco-
elastic solutions of high viscosity and with Ec [ 4.7 repre-
sent one of the most difficult fluid classes for dispensing. In
these elastic solutions, the nonlinear elastic stresses will rap-
idly develop in the thinning filament and will slow the
breaking dynamics dramatically. For polymeric fluids this
behavior is observed in dilute and semidilute solutions with
a low number of entanglements.50 In particular, when it is
possible to increase the relaxation time k without signifi-
cantly affecting the viscosity g high elasto-capillary numbers
are possible. This is encountered for surfactant solutions that

Table 3. Prefactor U for a Power Law Fluid for Different
Power Law Exponents n38,46

n U

1.0 0.0709
0.9 0.101
0.8 0.143
0.7 0.200
0.6 0.260
0.5 0.259
0.4 0.228
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form worm-like micelles,51 dilute polymer solutions, and in
the so-called Boger fluids. 52,53 For a Boger fluid, k can be
raised by increasing the molecular weight of a polymer dis-
solved at low concentrations in a high-viscosity solvent with
only small changes in the viscosity g. This enables achieving
elasto-capillary numbers Ec way above the critical value of
Ec ¼ 4.7 given in Eq. 9. In addition to this, in Boger fluids
the relaxation time is proportional to the viscosity, k � g.
Thus, increasing the (solvent) viscosity will not change Ec,
but it will lead to even longer relaxation times and, there-
fore, to longer breakup times and a more difficult dispensing.
An example of the dispensing of such a Boger fluid is given
with the PIB in PIB fluid in Figure 8. Although this fluid
has a viscosity of the same order of magnitude as the weakly
elastic fluid in Figure 7, it has a breaking time two orders of
magnitude larger, and indeed with Ec ¼ 18.5 the thinning is
indicated to be controlled by elasticity.

Filament Lifetime. The most prominent effect observed
for an elastically dominated fluid is the increase in breakup
time. Although the droplet volume is the same as for the drip-
ping of a Newtonian liquid,46 a viscoelastic solution can show
very long living filaments that connect the drop to the nozzle
and that can cause spillage. As already pointed out in section
‘‘Dimensional Analysis’’ the time dependence of viscoelastic
effects ‘‘softens’’ the hard numerical values for the critical
elasticity number Ec ¼ 4.7 or intrinsic Deborah number De0

¼ 1. A quantitative description needs to take into account
five different stages of filament thinning.48 However, even a
full knowledge of fluid parameters does not allow a quantita-
tive prediction of the breaking time. The important point here
is that whenever the ‘‘map of misery’’ of Figure 3 indicates
that Ec [ 4.7 (and Oh � 0.2) strong viscoelastic effects can
cause problems in dispensing operations.

The different regimes (I–V) that govern the thinning of a
filament can be exemplary identified for a solution of PS in
DEP in the plots of R(t) and U(t) as shown in Figures 9 and 10.

(I) In the first regime, elastic stresses arising from flow in the
dispensing nozzle can stabilize the liquid filament right after
exiting the nozzle. The contraction flow leads to a prestrech,
which will stabilize the jet and delay the onset of the instability
leading to breakup.26 A similar prestretch occurs at the nozzle
exit, where fluid elements stuck to the nozzle wall are acceler-
ated to the average velocity of the jet.3,54 The capillary breakup
experiment in Figure 9 does not fully reproduce the prestretch
and hence, only has a limited stabilization.55

(II) In the second regime, the thinning velocity Ug(t) of
the filament is constant (Eq. 3). The radius follows the thin-
ning Rg(t) for a viscosity-dominated regime (Eq. 18). This
linear thinning regime II is clearly observed in the radius
(Figure 9) as well as the velocity (Figure 10) of the PS in
DEP solution. For a weakly elastic solution, regime II will
be most dominantly present. An example is given in Figure
11 that shows the filament radius evolution for the PIB in
pristane that was dispensed in Figure 7.
(III) The third regime shows an increasing thinning velocity

due to a decreasing viscosity in the extensional flow
field26,56,57 similar to the thinning of a power law fluid. The
velocity and filament profile evolution follow Eq. 22 and 21,
respectively. Figure 9 shows regime III for PS in DEP, and
for the weakly elastic PIB in pristane regime III is visible in
the inset of Figure 11.
(IV) In the fourth regime, the elastic effects of the fluid

dominate. A strain hardening of the extensional viscosity
causes slower breakup dynamics compared to Newtonian flu-
ids of comparable shear viscosities. In this regime, the fila-
ment thins exponentially with time10,16

Figure 7. Dispensing of a viscous, weakly elastic solution.

Viscosity-controlled dispensing of PIB in pristane with Oh ¼ 703, Ec ¼ 0.02 and De ¼ 15.1 (Ri ¼ 0.77 mm, the time to the break-

ing event is given in seconds). The dispensing is in the dripping regime with Ca ¼ 5.12.
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Rk � exp
�t

3k

� �
(25)

which agrees well with the observed regime IV in Figure 9.
The onset of this fourth, elastic thinning regime can depend
on the deformation history of the filament. For the relatively
low elasto-capillary number of Ec ¼ 0.71 in Figures 9 and
10, the onset of this regime IV is observed only after the ini-
tial filament radius has decreased by an order of magnitude.

However, whenever regime IV can set in, the breakup time
is greatly increased.

(V) In the quasilinear limit of infinite extensibility, regime
IV would continue, but in reality the polymers reach their fi-
nite extensibility limits and the filament thins faster toward
the final breakup and separation of the drops (as indicated
for the elastic PS in DEP solution in the semilog inset in
Figure 9). Again, the onset of this regime depends on the

Figure 8. Dispensing of a Boger Fluid.

Elastic controlled dispensing of PIB in PIB at Oh ¼ 397, Ec ¼ 18.5, and De ¼ 7345 (Ri ¼ 0.77 mm). Filament breaking time is tc
¼ 176 S (only frames for the first 25 s are shown). A movie of this sequence can be seen in the Supporting Information ‘PIB in

PIB - Wi ¼ 5.11.avi’.

Figure 9. Evolution of the filament radius for an elastic
fluid.

A viscoelastic solution of PS in DEP (open symbols) is

compared to the predictions for a Newtonian fluid (Rg(t),
Eq. 18), a power law fluid (Rpowerlaw(t), Eq. 21), and an

elasticity controlled fluid (Rk(t), Eq. 25). The different

thinning regimes for viscoelastic solutions as discussed in

the text are indicated with roman numeral I–V. The

inset highlights on a logarithmic scale the onset of the

finite extensibility limit in regime V.

Figure 10. Evolution of the thinning velocity for an
elastic fluid.

A viscoelastic solution of PS in DEP (open symbols) is

compared to the predictions for a Newtonian fluid

(Ug(t), Eq. 3), a power law fluid (Upowerlaw(t), Eq. 22),
and for an elasticity controlled fluid (Uk(t), Eq. 5).

The different thinning regimes for viscoelastic solutions

as discussed in the text are indicated with roman

numeral I–V.
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initial state of stretch developed in the first regime and there-
fore can not be quantitatively predicted.

Given the interconnection of the several different thinning
regimes for elasto-capillary numbers in the range of 0.5 \
Ec \ 4.7, it is often not possible to derive an analytic
description of the radius evolution of elastic fluid filaments
connecting the drops. However, for Ec � 4.7 (and Oh �
0.2) it is often observed that regime IV, the elastic thinning
regime, is dominating and setting in from the beginning of a
dispensing operation. This is observed for the Boger fluid in
the images of Figure 8, and captured with capillary breakup
experiments in Figure 12. The filament life time can be esti-
mated from Eq. 25 as

Dtk ¼ 3k ln
R0

Rmin

� �
(26)

To calculate the radius Rmin at which the regime IV ends
requires, in principle, information on the finite extensibility
and the amount of prestretch that occurred in the nozzle.
However, from experimental observations it can be con-
cluded that at a Rmin � 1 lm the filament breaks quickly
due to external influences and, therefore, Dtk ¼ 3kln(R0/
1 lm). The estimated breakup time is proportional to the
relaxation time k. For the PIB in PIB Boger fluid, Eq. 26
yields Dtk ¼ 500 s which compares well to the experimen-
tally observed breakup times (Figures 8 and 12). One further
problem that can arise with these extremely long living and
very thin filaments is the onset of evaporation effects
that can even lead to solidifying fibers during a dispensing
operation.58

The Dripping/Jetting Transition. The appropriate dynamic
nondimensional number for elastic liquids (Oh � 0.2 and
Ec � 4.7) is the Weissenberg number Wi. The dispensing in
Figure 8 (of which a movie can be seen in the Supporting
Information ‘PIB in PIB - Wi ¼ 5.11.avi’) is with Wi ¼
5.11 still in the dripping regime. At higher-flow rates and Wi

¼ 51.1 the dispensing is already in the jetting regime (as
can be seen in the movie in the Supporting Information ‘PIB
in PIB - Wi ¼ 51.1.avi’). The precise definition of an exact
critical value of Wi for the transition is difficult. The effects
of gravitational stretching are amplified due to the extreme
longevity of the filaments. For the range of needle diameters
in this study for flow rates below Wi of O(15) the formation
and falling of single droplets is still visible. The droplets
are, however, still connected by the thin thinning filaments.
For Weissenberg numbers of O(20), the filament thins under
its own weight and does not break into droplets. Subse-
quently, in a range of 20 \Wi\ 40 the diameter of this fil-
ament increases with flow rate. The onset of die-swell effects
at higher flow rates increases the jet radius even above the
nozzle radius.

Inviscid viscoelastic liquids

For viscoelastic solutions with low initial viscosity (or
better: Oh � 0.2), the shape of the thinning curves is simi-
lar to the viscous counterparts. After an initial stabilization
in regime I, one observes a fast, second, inertia controlled
thinning regime described by Eq. 17 followed by the tran-
sition to an elastic regime IV. To determine if a transition
to an elastic regime takes place, the intrinsic Deborah
number De0 should be calculated. 45 For De0 [ 1 the elas-
tic thinning regime is dominating and determines the
breakup time following Eq. 26. However, it should be
noted that due to the proportionality of relaxation time and
viscosity, for inviscid systems with Oh � 0.2 even a dom-
inating elastic regime IV will not lead to very long
breakup times. Therefore, inviscid viscoelastic liquids are
generally easy to dispense.

One important aspect is the dependence of satellite droplet
formation (and the resulting inaccuracy and spillage) on the
Deborah number. As already stated above, the satellite drop-
let formation during the filament breaking process can be
suppressed by increasing the viscosity above an Ohnesorge
number of Oh ¼ 1. However, for inviscid viscoelastic fluids
with Oh � 1 the satellite droplet can also be suppressed by

Figure 11. Evolution of the filament diameter for a
weakly elastic fluid.

The evolution of R in a filament formed by a visco-

elastic PIB in pristane solution from Figure 7 is com-

pared to the predictions for a Newtonian fluid (Rg(t),
Eq. 18), a power law fluid (Rpowerlaw(t), Eq. 21), an elas-

ticity-controlled fluid (Rk(t), Eq. 25). The different thin-

ning regimes for viscoelastic solutions as discussed in

the text are indicated with roman numeral I–V. The

inset highlights on a logarithmic scale the onset of the

finite extensibility limit in regime V.

Figure 12. Evolution of the filament diameter for the
thinning of a Boger Fluid.

The PIB in PIB fluid from Figure 8 (open symbols) is

compared to the predictions for a Newtonian fluid

(Rg(t), Eq. 18), a power law fluid (Rpowerlaw(t), Eq. 21),
an elasticity controlled fluid (Rk(t), Eq. 25). The domi-

nant thinning regimes are indicated with the roman

numerals II (initial Newtonian thinning) and IV (domi-

nant elastic thinning). The inset highlights the onset of

the finite extensibility limit in regime V on a logarith-

mic scale.
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increasing the elastic component59,60 and, therefore, the
Deborah number above a critical value of De [ 0.2.44 A
precise and clean dispensing without satellite droplets can,
therefore, be achieved by the addition of traces of high-mo-
lecular weight polymers.

The Dripping/Jetting Transition. When the Deborah
number is below its critical value De0 ¼ 1, the elasticity
seems to suppress the chaotic dripping regime observed for
low-viscosity Newtonian systems. The onset of jetting is
preceded by a periodic oscillating movement of the detach-
ing drop and oscillatory behavior of the droplet volume.54

The Weber number as the appropriate dynamic nondimen-
sional number above which only pure jetting is observed is
still of order We ¼ O(1), however, similar to the Newto-
nian case this holds only for small nozzle radii.54 For
larger nozzle diameter, gravitational effects cannot be
ignored and the mass of the leading drop is affecting the
dynamics of the rest of the jet through a tension that is
transmitted upstream along the viscoelastic jet. This re-
gime has not yet been investigated. Similar to the viscous
case, also for inviscid fluids with De0 [ 1 the critical tran-
sitional values for the Weissenberg number Wi are difficult
to determine.

Conclusions

A set of model Newtonian, shear thinning and viscoelastic
fluids that cover four orders of magnitude in viscosity and
three orders of magnitude in elasticity (relaxation time) have
been used to study the volumetric flow controlled dispensing
under steady-state conditions. Difficulties in dispensing will
occur when the breakup times of liquid filaments are long.
In the dripping regime, filaments will then persist between
the nozzle and the dispensed drop. In the jetting regime,
such filaments connect the droplets developing in the fluid
jet. Both situation will lead to spillage and inaccurate dosing.
To identify such conditions, the thinning of liquid filaments
and the effects of material properties on this phenomenon
was used as a starting point. To predict the thinning and dis-
pensing behavior of rheologically complex fluids, a set of
material-property-based nondimensional groups, that is, the
Ohnesorge, Deborah, and elasto-capillary number have been
defined. Critical values of these nondimensional numbers
allow one to identify the dominant mechanism resisting
breakup (inertia, viscosity, or elasticity) and to predict the
associated liquid filament life times. An operating space can
thus be defined, which represent a ‘‘map of misery’’ and
classifies fluids from easy to very difficult to dispense. For
each of the thinning regimes nondimensional, dynamic num-
bers enable one to estimate the transition from a dripping to
a jetting regime. The diagram of the operating space helps to
anticipate problems when wanting to dispense rheologically
complex fluids. However, the broad field of dispensing of
complex fluids is not yet fully understood, in particular with
regard to flow phenomena as deformation-thickening, yield-
ing, thixotropy, or rheopexy, and requires more indepth ex-
perimental as well as computational studies to bring our
understanding to the level of what is currently known about
dispensing of Newtonian fluids.
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